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Abstract-This paper is concerned with the linear theroy of viscoelastic materials with voids. We
study uniqueness, existence and asymptotic behaviour for the solutions of the dynamical problem.
The uniqueness theorem is obtained by means of the power type function method. We use the
semigroup theory of linear operators to obtain existence and continuous dependence of solutions.
In the last section, we study the asymptotic behaviour of solutions. © 1998 Elsevier Science Ltd.
All rights reserved.

1. INTRODUCTION
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density y and matrix volume fraction v are related by p = yv. Using this concept Nunziato
and Cowin (1979) have presented a theory for the behaviour of porous solids in which the
skeletal or matrix material is elastic and the interstices are void of materiaL

Cowin and Nunziato (1983) have obtained some results in the linear theory. A recent
survey of this theory can be found in the book by Ciarletta and Ie~an (1993).

In this paper we consider the linear theory of viscoelasticity with voids which was
studied in Ciarietta (1989) and Ciarietta and Scalia (199i) and we obtain some results for
the dynamical problem.

First, we obtain uniqueness of solutions, It is suitable to say that our results apply for
a class of problems that do not agree with the one presented in Ciarletta and Scalia (1991).
Our approach is developed on the basis of the power type function method and can be
considered a natural extension of the results of Chirita and Rionero (1991),

Second, we obtain an existence theorem for the homogeneous Dirichlet boundary
conditions. To this end we use the semigroup theory of linear operators (see e.g. Pazy,
1983).

Third, we obtain an asymptotic behaviour of the solutions of this problem when load
terms are zero. Our approach is inspired in the results of Dafermos (1976).

In Section 2 we state the basic equations and other preliminaries. Section 3 is devoted
to state the uniqueness theorem. The existence result is stated in Section 4 and the asymptotic
behaviour of solutions is presented in Section 5.

*This work is part of the project DGES-MEC PB96-0497, Spain
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2. BASIC EQUAnONS

We consider a body that at time to occupies a regular region 0 0 of the three-dimensional
Euclidean space. Let 000 be the boundary of 0 0 , We refer the motion to the reference
configuration 0 0 and a fixed system of rectangular Cartesian axes OXk (k = 1,2,3). We
shall employ the usual summation and differentiation conventions. We also use a superposed
dot to denote partial differentiation with respect to the time. As usual, letters in boldface
stand for tensors of order p > I, and, if v has order p, we write Vi, ';', .. ,i

p
for its components

in the Cartesian coordinate frame.
The basic equations for the linear theory of viscoelastic solids with voids are given by

the evolutive equalities (see Cowin and Nunziato, 1983)

the constitutive equations (see Ciarletta and Scalia, 1991)

tij = LOX) [GijrsCt-s)ers(s)+Biit-s)¢(s)+Dijr(t-S)¢.r(s)]ds,

hi = LOX) [Drsi(t-s)ers(S) +Di(t-s)¢(s) +Aij(t-s)¢J(S)] ds,

9 = - LOX) [Bij(t-s)eij(s)+b(t-s)¢(s)+D;(t-s)¢As)]ds,

and the geometrical equations

(1)

(2)

(3)

on 0 0 , Here tj ; is the stress tensor, j; is the body force per unit volume, p is the density in
the reference configuration, U = (u;) is the displacement vector, hi is the equilibrated stress
vector, 9 is the intrinsic equilibrated body force, L is the extrinsic equilibrated body force,
<p is the change in the volume fraction, X. is the equilibrated inertia. The constitutive
relaxation functions satisfy the symmetry relations

(4)

We must recall that Gij", Bij' Dijn Di, Aij and b are functions of va' the reference volume
fraction, and its gradient (VO).i'

If the material symmetry is of a type that possesses a centre of symmetry, then the
tensors of odd order, Dijk and D;, are null. If, in addition, the material is isotropic then

G;jkl(S) = A(S)bijbkl + /1(s)(bikbjl +bjfbjd,

Aij(s) = A(s)bij, Biis) = B(s)bij ,

A, /1, A and B are functions of va. The assumption of isotropy implies the vanishing of the
gradient of va. In this case, the constitutive eqns (2) become

tij = LOX) [A(t-S)bii,,(s)+2/1(t-s)eij(s)+B(t-S)bij¢(s)]ds,

hi = LOX) A (t-s)¢,;(s) ds,
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9 = - Leo [B(t-s)err (s)+b(t-s)4>(s)]ds.
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(5)

We emphasize that the constitutive coefficients )., fl, A, Band b in the isotropic situation
still depend on Vo, the volume fraction in the reference configuration.

If we substitute the constitutive eqns (2) into the motion equations, we obtain the
evolution equations for anisotropic materials:

pili = j;+ [Leo [Gijrs(t-s)ers(s) + Bij (t-s)4>(s) + D ijr (t-s)4>As)] ds1

px¢ = L+ [Leo [Drsi(t-s)ers(s) +DJt-s)4>(s) + Aij(t-s)¢is)] dsl
- Leo [Bij(t-s)ei/s)+b(t-s)4>(s)+DJt-s)¢)s)]ds.

With the notations

a set of mixed boundary conditions can be expressed in the form

We adjoin the initial conditions

u(X, -s) = ZO(X,s), iJ(X,O) = VO(X),

¢(X, -s) = cl(X,s), ¢(X,O) = 1jJ0(X).

(6)

(7)

(8)

3. UNIQUENESS RESULTS

In Ciarletta and Scalia (1991) have presented a uniqueness theorem for the linear
theory of viscoelastic solids with voids. Their results derive from the positivity of a certain
quadratic form. In this section we obtain a uniqueness result without this assumption, but
we impose the positivity of the dissipation. Thus, the results we present here can be applied
to a different class of problems.

Let 0/1, ..1", ~, .ff and jf/ be the functions defined by

O/I(t) = ~Leo Leo Lo(Gijrs(2t-r-Z)£\/r)er.l(z)

+ Aij(2t-r -z)4>.i(r)4>iz)

+b(2t-r- z)4>(r)¢(z)

+ Dijr(2t-r - z)(eij(r)¢Az) +eij(z) 4>.r (r))

+ Dk (2t-r - z)(4)(r)4>''(z) +¢(z)¢,,(r))

+Bij(2t-r - z)(eij(r)4>(z) +eij(z)¢(r))) dv dr dz,

1 f21 fO i..1"(t) = 2 (Gijrs(2t-r-z)eij(r)ers(z)
-Cf:) -0:) no



3350 F. Martinez and R. Quintanilla

+ A ij(2t- r -z)¢ir)¢)z)

+b(2t-r -z)¢(r)¢(z)

+ Dij,(2t- r - z)(eij(r)¢.r(z) +eij(z)¢.,(r))

+Dk (2t - r - z)(¢(r)¢"cz) +¢(z)¢"cr»

+ Bij(2t- r - z)(eij(r)¢(z) +eij(z)¢(r))) dv dr dz,

9(t) = r' fS fS i (Gij,sC2s-r-z)eij(r)ers(z)
Jo -00 -CfJ no

+ Aij(2s - r - Z)¢.i(r)¢J(z)

+b(2s- r -z)¢(r)¢(z)

+ Dij,(2s- r - z)(eij(r)¢"cz) +eij(z)¢"cr))

+Dk (2s - r - z) (¢(r)¢"cz) +¢(z)¢"cr»

+ Bij(2s-r-z)(eij(r)4>(z) +eij(z)4>(r») dv dr dzds,

1i ..f(t) =:2 (pU/li+PX¢¢) dv,
(10

1i . .if/(t) = :2 (puJO)ui(2t) + PX¢(0)¢(2t») dv.
(10 (9)

Theorem 3.t. Assume that relations (4) are satisfied. Let

5£ (r, s) = r (pf(r)ui(s) +PxL(r)4>(s)) dv + r (tJr)ui(s) +h(r)¢(s) ds,
Joo Jooo

for all r, SE [0, 00). Then

1 rOlt(t) - f(t) = :2 Jo [5£(t +s, t - s) - 5£(t-s, t+ s)] ds+§(t) - ifI(t).

Proof: First, we introduce the notation

Yf(r, s) = tAr)eji(s) +Mr)4>i(s) - g(r)4>(s).

After some calculations we conclude

Yf(t-s, t+s) -Yf(t+s, t-s) = :s[r:r: (Gijrs(2t-r-z)eij(r)e,sCz)

+ Ai/2t-r -z)4»r)¢/z)

+ b(2t - r - z)4>(r)4>(z)

+ Dijr(2t-r - z) (eij(r)4>"cz) +eij(z)¢"cr»

+D k (2t- r - z)(4> (r)4>"cz) + 4> (z) 4>"cr))

+ B;/2t-r - z)(eij(r)¢(z) +eij(z)4>(r))) dr dzJ (10)

From the evolution equations we obtain
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£'(r, s) = [tji(r)u,(s) +h/r)¢(s)L - [pii,(r) - f(r)]u,(s) - [px¢(r) - L(r)]¢(s).

The previous equality leads to the relation
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Lo £(t-s, 1+S) dv = Y(t-s, t+s) + :s [Lo (pu,(t-s)u,(t+s) +px¢(t-s)¢(t+s» dvJ

- r (pu,(t-s)ii,(t+s) +PX¢(t-s)¢(t+s» dv.
Joo

After integration from 0 to t, we get

r
t r [£(t-s, t+s)-£'(t+s, t-s)] dvds = -2ff(t)+ r' [Y(t-s, t+s)

Jo Joo Jo

- Y(t+s, t-s)] ds+ r (pu,(0)u,(2t) + PX¢(0)¢(2t» dv. (11)
Joo

Now, from (10) we deduce

r
t r [£'(t-s, t+s)-£(1+s, t-s)] dvds = 2J(t) -20lt(t). (12)

Jo Joo

Relations (11) and (12) imply the desired result.
Theorem 3.2. Assume that relations (4) are satisfied. Let £?lI(t) = yet, t), then

20lt(t) = 0lt(0) + ff(O)+£0(t)+5(t)-1Y(t) +r£?lI(s)ds

1 r'- 2: Jo [Y(t-s, t+s)-Y(t+s, t-s)] ds,

and

2ff(t) = 0lt(0) +ff(O) +£0(t)-J(t) + 1Y(t) +L&>(s)ds

1it+ - [Y(t-s, t+s) -Y(t+s, t-s)] ds,
2 0

for all tE [0, (0).
Proof: Direct calculation shows that

r get, t) dv = Oli(t) - ~(t).
Joo

We also have

r get, t) dv = £?JI(t)-f(t).
Joo

From the two previous relations we deduce the equality

(13)

(14)
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Olt{t)+ff(t) = 0lt(0) +ff(O) +L&P(s)ds+~(t).

Theorem 3.1 and the former relation imply the desired result.
Now, we are ready to obtain the uniqueness result which is the object of this section.

Theorem 3.3. Assume that:

(a) The relations (4) are satisfied
(b) p > 0, X > °
(c) The following inequality

fcc fcc (G jjrs (2s-r -z)eij(r)ers(z) + Aij(2s-r - z)l/J;(r)l/Jiz)+b(2s-r -z)¢(r)¢(z)

+ D;jr(2s- r - z)(eij(r)l/Jr(Z) +euCz)l/Jr(r)) +Dk(2s- r - z) (¢(r)l/Jk (z) +¢(z)l/Jk(r))

+ Bij(2s-r -z)(eij(r)¢(z) +eij(z)¢(r))) dr dz ~ 0,

holds for every symmetric tensor ejj, vector field l/Jj and scalar field ¢ in CO on (- 00,(0).

Then, the problem determined by the eqns (1) and (2), the boundary conditions (7) and
the initial conditions (8) has at most one solution.
Proof: Suppose that there are two solutions. We designate (u;, (fJ) the difference cor
responding to the null data. From relation (14) we have

i (pa;i:t;+PX¢2)dv-~(t) = 0.
no

Thus, we conclude that u; = 0, (fJ = 0.
Remark 3.1. This uniqueness result does not assume any condition on the positivity of the
energy.

4. THE EXISTENCE THEOREM

In this section we use some results of the semigroup theory of linear operators (see e.g.
Pazy, 1983) to obtain an existence theorem for the equations of the linear theory of
viscoelastic solids with voids. We restrict our attention to the homogeneous boundary
conditions

u = 0, ¢ = 0, onoao x [0, (0). (15)

Remark 4.1. Our boundary conditions are usual in several kinds of studies on elastic
materials with voids (Rusu, 1987; Martinez and Quintanilla, 1995), since ¢ is the change
of the volume fraction in respect of a certain reference volume fraction vo.

In the remainder of the paper we assume:

(i) The relations (4) are satisfied.
(ii) The mass density p and the equilibrated inertia X are strictly positive.
(iii) There is a positive constant Co such that
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r (Gijrs( 00 )U;,jUr,s +Aij(oo)¢J¢,i +b(00)¢2 +2Dijr(00 )u;A.rJoo

+2Dr(00)¢¢.r+2B;ioo)u;,j¢) dv ~ Co r (Ui,jU;,j+¢,;¢,;+¢2) dv, (16)Joo

for all DE [CO (noW and ¢ E Co (no),
(iv) There is a positive function <5(s) such that

r (G;jrs(s)ui,jUr,S + ;t"ij(s)¢,;¢J+6(S)¢2 +2Dijr(s)ui,j¢,r +2Dk (s)¢¢,r +2Bij(s)uiA) dv
Joo

~ <5(s) r (ui,jU;,j+¢A,r+¢2)dv, (17)
Joo

for all DE [Co(noW and ¢E Co(Oo).
(v)

Remark 4.2. The mechanical interpretation of the conditions on p and X is obvious.
Assumption (16) is natural for the elasticity with voids (see Martinez and Quintanilla,
1995). Assumption (17) is the extension to the viscoelasticity with voids of the usual
convexity conditions for the viscoelastic theories (see Navarro, 1978a, b).

Remark 4.3. Assumption (16) and (17) are usually imposed on the symmetric part of the
gradient of the deformation (3). Because of the boundary conditions and the Korn's first
inequality our conditions are also satisfied.

Remark 4.4. Assumptions (iv) and (v) imply that there exists a positive function <5 1(s) such
that

- r (Gijrs(S)U;,jUr.s + .4ij(S)¢.i¢J+2Dijr(s)u;,j¢.r +2Dk (s)¢¢,r
Joo

+2Bij(s)u;A+b(s)¢2) dv ~ <5 1 (s) r (ui,p;,j+¢A,r+¢2) dv, (19)
Joo

for all DE [Co (noW and ¢ E Co(no). This inequality will be used later to deduce a positive
energy.

An alternative form for the constitutive eqns (2) allows us to express the system (6) in
the following form

pili = j; + [ Gijrs(O)ers +Bij(O)¢ +Dijr(O)¢.r

+L'" [G;jrs(s)ers(t -S) +Bij(s)¢(t - S) +Dijr(s)¢,,(t-s)] ds1
px{f) = L+ [Drsi(O)ers+Di(O)¢+Aij(O)¢J+ L"J [DrSi(s)ers(t-s)

+ D;(s)¢(t-s) +.4ij(s)¢)t-s)] ds1-B;iO)eij -b(O)¢- Di(O)¢,;

- L"J [Bij(s)eij(t- s) +b(s)¢(t- s) +D;(s)¢,;(t- s)] ds. (20)
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We now transform the boundary-initial-value problem defined by eqns (20), initial
conditions (8) and boundary conditions (15) into an abstract problem on a suitable Hilbert
space.

Let ill be

ill =(u, v, ¢, ljJ, z, a),

where v = iI, ljJ = ¢, z(s) = u(t-s) and a(s) = ¢(t-s).
We denote

fLo = {(u,v, 4>,ljJ,z,a);uE [CO"(OoW,VE [CO"(QoW,

¢ ECO"(Oo), ljJ E[CO" (QoW, ZE £ j, a E£ 2},

where

£1 = [CO" ([0, (0), W~,2(QO) n W2,2(OO)W,

£2 = CO"([O, (0), W~,2(QO) n W2,2(QO»,

here W~·2(OO) = [W~,2(QoW, and W2.2(OO) = [W~·2(OOW being W~,2(QO)' and W~,2(OO)

the usual Sobolev spaces (see e.g. Adams, 1975).
Now, we consider fL the completion of fLo with respect to the norm induced by the

inner product

<Cu, v, 4>, ljJ,z, a),(u*, v*, ¢*, ljJ*,z*,a*» = r (Gijrs(oo)u;,ju~s+Aij(oo)4>j4>,;+b(oo)4>4>*
Joo

+ Dijr (00 )(uiA;+utj4>J +Dr(00 )(4)4>,~+ 4>*4>,r)

+ B;j(00 )(ujA* +utA) +pv;vt+ pxljJljJ*) dv

- r roo (Gjjrs(s) (u;.j - Zi)(U~s - Z~s) +Aij(s)(4>j- aj)(4),i - a.J +b(s) (4) - a)(4>* - a*)
Joo Jo

+ Dr(s)(4>-a)(4>;-a;) + (4)* -a*)(¢,r -a,r»

+ Djjr (s)«u j,j-z;)(4>;-a;) + (uj-zj)(4>,r -a,r»

+ Bij(s)«ui.j - Z;,j)(¢* - a*) + (utj-ztj)(4>-a» dsdv.

(21)

This inner product is well defined, because of the assumptions stated previously.
Let us consider the operators

I
B;u = p[Gj;rs(O)us,rL,

I
C;¢ = p[BP(O) 4> + D jjp (O)4>.pL,

P;z = ~ [100

Gjirs (S)Zs,r (s) ds1
I [rOO . . ]Eja = p Jo (Bij(s)a(s) + Dijp (s)a.p(s» ds /
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1
Fu = PX([Dpqi(O)up,qL - B;/O)Ui,j) ,

1
G¢ = -([D;(O)¢+A;i(O)¢Jl ;-b(O)¢-Dk(O)¢ k),PX J' ,
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o
R;z = - os Zi(S),

o
Wa = - os a(s).

Let d be the matrix operator with domain

£0(d) = {(u,v,¢,tjJ,z,a)EfE;d(u,v,¢,tjJ,z,a)EfE, z(O) = u,a(O) = ¢},

defined by

0 Id 0 0 0 0

B 0 C 0 P E

0 0 0 Id 0 0
d=

F 0 G 0 H J

0 0 0 0 R 0

0 0 0 0 0 W

where B = (B;), P = (P;), C = (C;), E = (E;), R = (Ri) and Id is the identity operator. It is
clear that £0(d) is a subset which is dense in fL.

The boundary-initial-value problem (20), (8), (15) can be transformed into the fol
lowing abstract equation in the Hilbert space fE,

dwCit = dw(t) +g-(t), w(O) = Wo,

where

Lemma 4.1. The operator d satisfies the property

<dw,w) ~ 0,

(22)

for any wE£0(d).

Proof: Let w = (u, v, ¢, tjJ, z, a) E£0(d). Using the Divergence Theorem and the boundary
conditions we find that
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<siw,w) = 1 (Gijrs(oo)Vi.jUr,s+Aij(oo)t/J,/PJ+b(oo)t/Jc/JJoo

+ Dijp(00 )(v,A,p + Ui,jt/J,p) + Dp(00 ) (t/Jc/J,p + c/Jt/J,p)

+ Bij(00 ) (ViA + Ui,jt/J) - Gijrs(O)v"jUr,s + Aij(O)t/J,ic/JJ+ b(O)t/Jc/J

+ Dijp(O) (vi,jc/J,p + Ui,jt/J,p) + Dp(0) (t/Jc/J,p + c/Jt/J,p)

+Bij(O)(v,A +Ui,jt/J» dv

- LX) (GijrS (s)zr,s(s)vi,j +Aiis)ais)t/J,i+b(s)a(s)t/J

+Dijp(s)(vi,p,p(s) + Zi,j(S)t/J,p) + Dp(s) (t/Ja,p(s) + a(s)t/J,p)

+ Bij(S)(Zi,is)c/J + vi,p(s))) ds) dv

_I 1
00

(Gijrs(s)(Vi,j+Zi,is»(ur,s-zr,s(s»JoJo
+ Aij(s) (t/J" + ci';(s»(c/JJ- aJ(s» + b(s)(t/J + ci(s»(c/J - a(s»

+ DijP(s)[(vi.j+ Z,)S»(c/J,p - a,p(s» + (u',j - z"is»(t/J,p +ci,p(s»]

+ Dp(s)[(t/J + ci(s»(c/J,p - a,p(s» + (t/J,p + ci,p(s»(c/J - a(s»]

+ Bij(s)[(vi,j+ Zi)S»(c/J -a(s» + (ui,j - zi,is»(t/J +ci(s»))) dsdv

1i foo ,.= - 2" (Gijrs(s)(U',j-Zi,j(S»(ur,s-zr,s(s»
0 0 0

+ A'ij(s) (c/J,j - a,is»(c/J,i - a,;(s»

+ b(s)(c/J - a(s»2 +2DijP (s) (ui,j - Zi,iS»(c/J,p - a,p(s»

+ 2Dp(s)(c/J - a(s» (c/J,p - a,p(s»

+2Bij(s)(ui,j -zijs»(c/J-a(s))) dsdv.
(23)

Lemma 4.1 follows from the convexity assumption (17).

Lemma 4.2. The operator si satisfies the range condition

Range (Id - si) = !!t.

Proof: Let w* = (u*, v*, c/J*, t/J*, z*, a*) E!!t. The range condition is satisfied whenever the
system

u-v = u*, c/J-t/J = c/J*, v-(Bu+Cc/J+Pz+Ea) = v*,

t/J-(Fu+Gc/J+Hz+Ja) = t/J*, z-Rz = z*, a- Wa = a*, (24)

has a solution w = (u, v, c/J, t/J, z, a) E EZl(si). From the last two equations we have

z(s) = e-s (u+ f: eTz*(r) dr)' a(s) = e-S(c/J+ f: eTa*(r) dr)' (25)

If we substitute the two first equations for (24) and the eqns (25) into the third and fourth
equations in (24), we obtain
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B' - I [( r'JO . -s) ]
i U - U; - P Gijrs(O) + Jo Gijrs(s)e ds ur,s /

C;4> = - ~ [ (BuCO) +100

Bij(s)e-
S dS) 4>

+ (D;jp(O) +100

Dijp(s)e-
S dS) 4>.P1

Fu = - p~ {[ (Dpqi(O) +100

Dpq;(s)e- S dS) Up,q1
- ( B;j(O) +100

B;j(s)e- S dS) U;,j},

G'4> = 4> - pix {[(D;(O) +100

Di(s)e- S dS) 4>

+ ( Aij(O) +100

Aij(s)e-
Sds) 4> J1

- (b(O) +100

b(s)e-SdS) 4>

- (DiO) +100

Dj(s)e-
SdS) 4>J}'
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(26)

n = 4>* + 1jJ* + piX100 te<-S([Dpqi(s)z:'ir)+D;(s)tx*(r) +Aij(s)txj(r)L

-Bij(s)ztj(r)-D;(s)txj(r)b(s)tx*(r))drds, B' = (B;), c' = (C;), m =(mJ. (27)

To study this system for the unknowns u and 4>, we introduce the following bilinear
form on W&,2(flo) x W&,2(flo)

8l[(u, 4»,(u, ¢)] = «B'u+C' 4>, Fu+G'4»,(pu, PX¢)L2 xL'.

It is easy to see that 8l is bounded. We note that

8l[(u, 4>),(u, 4»] = i (pu;u; +PX4>2) dv +i roo (e-S[Gijrs(S)U;,jUr.s+A;j(s)4>,,4>J+ b(S)4>2
~ ~Jo

+2Dijr(s)uiA,r +2Dr(s)4>4>,r +2B;iS)Ui,j4>] ds) dv,

so that ~ is coercive on W&,2(flo) x W&,2(flo). An easy calculation shows that (m, n) lies in
W- 1

•
2(flo) x W- 1,2(flo). Hence the Lax-Milgram theorem implies the existence of a solution
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(u, ¢) to the eqn (26). Now, we may also conclude the existence of vEwb· 2 (no),
ljJ E Wb,2(QO), z and (X that solve the system (24).

The previous lemmas lead to the next theorem.

Theorem 4.1. The operator .sd generates a contractive semigroup in :!Z.

Proof: The proof follows from the Lumer-Phillips corollary to the Hille-Yosida
theorem.

Remark 4.5. The assumption (17) implies that the semigroup is contractive. It is possible
to prove that .sd generates a semigroup if we assume a relaxed condition. Let us suppose
that there exists a positive constant A such that

r (i(Gijrs(s) - ).Gijrs(S))u;.jUr,s +K4'ij(s) - AAij(s))¢,i¢JJoo

+i(b(s) - )'b(S))¢2 + (Dijr(s) - XDijr (s)) ui,j¢,r

+(Dk(s) - ).Dk(s)) ¢¢.k + (jj;is) - ).Bij(s))ui,j¢) dv ~ O. (28)

If we postulate that the previous inequality and the inequality (19) are satisfied we
may conclude that .sd generates a quasi-contractive semigroup.

Theorem 4.2. Assume that

j;, L E C 1([0, CIJ), L 2) n CO ([0, CIJ), Wb,2),

and

Wo E f0(.sd).

Then, there exists a unique solution w(t) E C 1([0, CIJ), :!Z), with values in f0(.sd), to the
boundary-initial-value problem (22),

Remark 4.6. Since the semigroup defined by the operator .sd is contractive, we have the
estimate

which proves the continuous dependence of the solutions upon initial data and body forces.
This result has been obtained in Ciarletta and Scalia (1991).

Remark 4.7. Under the assumptions (i)-(v) the problem of the linear theory of viscoelastic
materials with voids is well posed.

5. ASYMPTOTIC BEHAVIOUR OF SOLUTIONS

In this section we study the asymptotic behaviour of solutions in the case that the
external sources are zero.

A sufficient condition to prove asymptotic stability for semigroups ofcontractions (see
Dafermos,1976) is the precompactness of the orbits jointly with the fact that there are not
any eigenvalue iA, ), E IR in the closed subspace tff generated by the elements WE f0(.sd) such
that (.sdw,w) = O.

We need the following result:
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Lemma 5.1.

Proof: Let w = (u, v, </>, l/J, z, a) be a solution of the system:
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Vi = 0, (29)

[1") [Gijrs(S)ur,s(t-S) + Bij(s)</>(t-s) +Dijr(s)</>,r(t-s)] ds

+ Gijrs(O)ur,s + Bij(0) </> + Dijr(0) </>,r1= 0, (30)

l/J = 0, (31)

[IX> [Drsi(s)urAt-s) + D;(s)</>(t-s) + Ais)</>JCt-s)] ds+ Drs; (0)Ur,s + Di(O)</> + A;j(O)</>J1

-100

[B;/s)u;,j(t-s)+b(s)</>(t-s)+D;(s)</>,;(t-s)]ds-Bij(O)u;,j-b(O)</>-Dj(O)</>,i = 0,

(32)

a
- as a(s) = 0,

Integrating the last two equations we obtain:

Z(s) = u, a(s) = </>.

If we substitute then in (30) and (32), after a quadrature, we can write:

(33)

(34)

[Gijrs( 00 )ur,s +Bij( oo)</> + Dijr (00 )</>,rL = 0, (35)

[Drs; (00 )Ur.s+ Dj(oo)</> + Aij(oo)</>JL - Bi00 )U;,j - b(oo)</> - Di(00)</>,i = O. (36)

If we multiply equation (35) by Ui, equation (36) by </>, and integrate over Qo, we
obtain:

r [Gijrs( 00 )ur,suj,j+ 2Bij(00 )ui,j</>Jno

+2Djjr (00)Ui,j</>,r +2Di(00)</></>,i + Aij(oo)</>A,i+ b(00)</>2] dv = o.

By (16), we can conclude:

Uj,j = 0, </> = 0,

and therefore U j = O.

Lemma 5.2. The operator d has not any eigenvalue iA, AE IR, in the closed subspace Iff.

Proof: Let WE Iff, then <dw, w> = o. As a consequence of (23) we have:
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- ~ f foo (G;jrs(S)(U;,j-Z;,j(S»(Ur,s-Zr,s(s»+A'ij(s)(cP,j-ajs))(cP.;-a,;(s»
Joo Jo

+ b(s)(cP - a(s))2 +2D;jp (s) (U;,j - Z;,j(s» (cP,p - a,p(s» +2Dp(s)(cP - a(s» (cP,p - a,p(s))

+2B;j(s)(U;,j-Z;,j(s))(cP-a(s))) dsdv = 0,

and, by (17), we deduce:

(37)

Now, integrating the last two equations of the system dw = iAw, we can write:

if we substitute in (37) we obtain:

and, therefore, U; = °and cP = °if A. #- 0. 0

Remark 5.1. In the absence of viscosity effects, it is easy to show that the system dw = iA.w
has non trivial solutions.

Lemma 5.3. The orbits are precompact.

Proof: Let us denote

JI = {(u*,v*,cP*,t/t*,z*,a*)E~(d);

z* ELOO(IR+, W2.2(flo», a* ELOO(IR+, W2,2(flo))}

and let be (u(t), v(t), cP(t), t/t(t) , z(t, s), a(t, s» a solution starting 10 the point
(u*, v*, cP*, t/t*, z*, a*) EJI.

Then, for all t E IR+,

(u(t), v(t), cP(t), t/t(t), z(t, s), a(t, s» E ~(d),

Ild(u(t), v(t), cP(t), t/t(t), z(t, s), a(t, s» II ~ Ild(u*, v*, cP*, t/t*, z*, a*) II,

because the semigroup is contractive. Thus,

VE C(IR+, Wb,2(flo)),

oz
t/t EC(IR+, Wb,2(flo)), os EC(IR+, Wb,2(flo) n W2,2(flo)),

~: E C(IR+, Wb,2(flo) n W2,2(flo)),

[100

[Gijrs(s)ur,s(t-s) +Bij(s)cP(t -s) +Dijr(s)cP,r(t-s)] ds

+ G;jrs(O)ur,s +B;iO)cP +D;AO)cP,r1E C(IR+, L 2(flo», (38)
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[1'0 [Drsj(s)ur,s(t-s) + D j(s)4>(t-s) + AIj(s)4>,j(t-s)] ds+ Drsi(O)Ur,s + D j(O)4> + AIj(O)4>,j1
-fJ [BIj(s)ui,j(t- s) + b(s)4>(t- s) + Di(s)4>At - s)] ds

Using the standard Picard iteration scheme (see Dafermos, 1970) we obtain:

where k is a positive constant. Thereby, U E C(IR+, W6,2), and 4> E C(IR+, W6,2(Qo».
The Rellich~Kondrachovtheorem allows us to conclude that the orbits starting in At

are precompact. But, At is dense in f!{ and closed (see Dafermos, 1974); therefore, any
orbit starting in f!{ is precompact. 0

As a consequence of the previous lemmas we conclude:

Theorem 5.1. Let (u(t) , v(t), 4>(t), !/J(t), z(t, s), aCt, s» be the solution of (20) with external
sources}; = L = 0, initial conditions (8) and boundary conditions (15); then

lim(u(t), vet), 4>(t), !/J(t), z(t, s), aCt, s» = 0
(~OO

in the norm induced by the scalar product (21).
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